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ABSTRACT 

A qua tern ion  i s  a genera l ized  complex number with f o u r  

elements. 

quaternions s c a t t e r e d  through t h e  l i t e r a t u r e  which are r e l a t e d  

t o  the k inemat ica l  problem i n  s p a c e c r a f t  a t t i t u d e  cont ro l .  

r e s u l t s  provide background f o r  understanding t h e  " strapdown" 

ca l cu la t ions  t o  be used f o r  workshop a t t i t u d e  determination 

during the  Skylab mission. 

This  memorandum summarizes s e v e r a l  p rope r t i e s  of 

The 
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1.0 INTRODUCTION 

The qua tern ion  invented by Hamilton (1843) provides a 
convenient formulat ion f o r  Euler's Theorem which is  the b a s i s  
f o r  the kinematical  r e l a t i o n s h i p s  involved i n  r o t a t i o n a l  motion. 
I n  genera l ,  a qua tern ion  ( q )  is def ined as t h e  hypercomplex 
number 

with t h e  p rope r t i e s  

The complex conjugate of y is 

A l s o  q i s  a unit quatern ion  i f  

Hence t h e  inve r se  (q-') of a unit quaternion i s  i ts  complex 
conjugate,  q = y . -1 * 

A l t e r n a t i v e l y ,  q can be regarded as a 4 element 
vec to r  where 
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w i t h  s p e c i a l  r u l e s ,  analogous t o  (2)  app l i cab le  €or  qua tern ion  
products.  The corresponding inve r se  is  

2 .0  RELATION TO EULER'S THEOREM 

E u l e r ' s  Theorem s t a t e s  t h a t  the genera l  displacement 
of a r i g i d  body w i t h  one po in t  f i x e d  i s  a r o t a t i o n  ( 8 )  about 
some a x i s  (5).  (See Figure 1.) If el, e2,  e3 de f ine  components 

FIGURE 1 - ElGENAXlS AND EULER ROTATI NGLE 

of t h e  unit vec to r  e (eigenaxis)  along (i j k), t h e  f o u r  param- 
eters devised by Euier  11776) for  de f in ing  body o r i e n t a t i o n  a r e  

the quaternion formulation i s  then 
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3.0 QUATERNION PRODUCTS 

As given by Euler ,  the r e s u l t  of two success ive  ro ta -  
t i o n s  (el, then e2) about r e spec t ive  eigenaxes (cl, e 1 i s  
represented  by the  quaternion product  

-2 

where the elements  of y 2  and y 1  are both - referred t o  t h e  o r i g i n a l  
coordinate  frame. I n  genera l  the  product of two quaternions 

and 

can be w r i t t e n  as  

or  f o r  reverse order  

The e f f e c t  of i nve r t ing  order  of the product i s  a change i n  s i g n  
of t h e  term pxr.  - - 

The  quaternion product  can be expressed i n  mat r ix  form 
a s  

m = pn = (to) = Mp (io] = f i n (  f o )  (15) 
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where* 

M =  P T I  
-p I Po 

and M h  and && a r e  def ined analogously. 

Consider t h e  t r i p l e  product p- ln  = p -1 h p .  From (13) 
through (17)  i t  follows t h a t  

and 
'L 

'P r + P o 2  + r P 

Po r' - p 2 '-1 'tp = .=(:I= [ - -  
T 

*E is a 3 x 3  u n i t  matrix,  T r ep resen t s  the t ranspose opera- 
t i o n  and 'L over a vector r e f l e c t s  the cross product opera t ion  

'L 2, ( i .e . ,  p i s  a 3 x 3  matrix and p p =  - 0 ) .  - -- 
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p-%p = 

4.0 COORDINATE TRANSFORMATIONS 

Hamilton has shown tha t  a vec to r  r o t a t i o n  can be 
expressed as a quaternion product 

( 2 1 )  -1 v ' = y v q  

where** v'=v' , v=v and y i s  t h e  qua tern ion  a s soc ia t ed  w i t h  t h e  
vec to r  ro t ax ion  f , b m  v t o  V I .  - 
same coord ina te  f rame7 

B o t h  v '  - and v - are expressed i n  the 

The analogous form r e p r e s e n t i n g  coord ina te  t r a n s f  orma- 
t i o n  is 

(22) 2 -1 ,1 x = y  9 

where xl=xl - and x2=x2 def ine  coord ina te  axes i n  coordinate  frames 
1 and 2. 
is expressed r e l a t i v e  t o  frame 1. 

A s u p e r s c r i p t  1 may be added to  y t o  emphasize t h a t  it 

*E is a 3 x 3  u n i t  matr ix ,  T r ep resen t s  the  t ranspose opera- 
t i o n  and % over a vec to r  r e f l e c t s  t h e  c ros s  product opera t ion  
( i .e . ,  p is a 3 x 3  matrix and p p = O), %I QJ - -  - - 

**Three dimensional vec to r s  can be regarded as  quaternions 
w i t h  zero real par t  ( i .e.  , v;)=vO=O). 
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The r e l a t i o n s h i p  with t h e  d i r e c t i o n  cosine matr ix  (A) 

1 1  
can be s e e n  a f te r  r e l a t i n g  ( 2 2 )  t o  ( 2 0 )  with  p z q  expressed as 
i n  ( 9 )  and ftsx =x - (..ro=xO=O). Then, 

or 
x 2 = A x  1 - - 

Subs t i t u t ing  elements of q from (1) i n t o  A y i e l d s  - 

Expanding A w i th  q and qo as i n  ( 9 )  y i e lds*  - 

which i s  the  g e n e r i c  form of A i n  terms of e and e . 3  
can be c a l c u l a t e d  from ei ther  ( 2 4 )  or  ( 2 5 )  zepending on whether 
( q r q O )  or ( e , e )  - i s  given. 

Thus, A 

- 

' L 2 ,  T *Note t h e  i d e n t i t y :  E + - -  e e = - -  e e . For b r e v i t y ,  s i n (  ) z s (  ) 
and c o s (  ) = c (  ) .  
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I n  dynamical problems ( q r q O )  can be determined from 
2r5,6 - 

t h e  quaternion d i f f e r e n t i a l  equat ion 

* 1  Y ’ T Y Q  
where 

a =  (3 ( 2 7 )  

r ep resen t s  the angular  v e l o c i t y  of coord ina te  frame 2 r e l a t i v e  t o  
frame 1. The mat r ix  form of ( 2 6 )  i s  

This r e s u l t  o f f e r s  t h e  advantage of so lv ing  only 4 d i f f e r e n t i a l  
equations i n s t e a d  of 6 as normally r equ i r ed  i n  so lv ing  f o r  e l e -  
ments of A from 

2, = -@A - and or thogonal i ty  c o n s t r a i n t s  on A. 

5.0 ALTERNATE QUATERNION PRODUCT FORMULATION 

I n  (10)  t h e  quaternion product 

Y = Y2 Y1 (29 1 

r ep resen t s  t w o  successive r o t a t i o n s  (el,e,) about eigenaxes 

,g2) . I n  t e r m s  of coordinate  t ransformat ions  t h i s  r ep resen t s  
t ransformation f r o m  frame 1 t o  frame 2 ,  then  from frame 2 t o  
frame 3. A l s o  y2 and q1 must  be expressed i n  frame 1. 
account f o r  t h e  r o t a t i o n a l  sequence and t h e  frame t o  which quat-  
ernions a r e  r e f e r r e d ,  ( 2 9 )  i s  r e w r i t t e n  as 

To 
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i n d i c a t e s  quaternion 
t h e  s u b s c r i p t s ,  t h e  r o t a t i o n a l  order .  

frame of re ference  
I n  gene ra l  

(31) 

The problem w i t h  t h i s  formulation for  handling success- 
r o t a t i o n s  i s  t h a t  all quaternions must be expres sed - in  frame 

1, which is n o t  always convenient. T h i s  can be circumvented a s  
follows. Consider 

and 

Since 

i t  follows t h a t  ( 3 3 )  is  

Comparing ( 3 2 )  and (35) y i e l d s  

o r  1 
y 2 3  

Thus, (30 )  can be w r i t t e n  a s  

( 3 3 )  

(34) 
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This permits each qua tern ion  i n  a product t o  be expressed r e l a t i v e  
t o  t h e  l o c a l  frame i n  which t h e  r o t a t i o n  i s  made. 

6.0 INTERCHANGEABILITY OF QUATERNIONS I N  QUATERNION PRODUCTS 

From the quaternion product formulat ions i n  (15) - ( 1 7 )  
i t  is  evident  t h a t  a choice can be made on t h e  o rde r  of terms i n  
t h e  matrix-vector product  corresponding t o  q 2  yl. T h i s  p roper ty  
i s  u s e f u l  when a sequence of quaternion products contains  ele- 
ments which vary a t  w i d e l y  d i f f e r e n t  rates, e .g . ,  

1 q12  v a r i e s  slowly and q i 3  v a r i e s  more where y 3 4  is cons t an t ,  
r ap id ly .  A s  d iscussed by Ickes a s u b s t a n t i a l  computational 
t i m e  saving can be r e a l i z e d  by organizing t h e  quaternion product 
such t h a t  

1 

1 1 
414 = *23  

1 where M i s  a quaternion c o e f f i c i e n t  matrix a s soc ia t ed  wi th  q,, 
and 4 3 4 ‘  which need n o t  be updated cont inuously,  only a t  i n t e r -  
v a l s .  M i s  obtained by w r i t i n g  ( 3 9 )  as i n  ( 1 5 )  and (17)  w i t h  
t h e  same n o t a t i o n a l  convention f o r  t h e  c o e f f i c i e n t  matrices and 
quaternions.  Thus 

o r  also 
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1 &1 - A1 1 
= M34 12 - M12 M34 (43) 

which i s  Ickes  r e s u l t  w i t h  all y i j  and M i j  r e f e r r e d  t o  frame 1. 

For t h e  a l t e r n a t e  formulation of a quaternion product ,  
as i n  (38), with  all q i j  expressed i n  a local frame, a corre-  
sponding r e s u l t  can be obtained. 

(44) 1 -  1 2  3 -  1 "3 2 
q 1 4  - y12 q23 y34 - M12 M34 li23 

or 

so  t h a t  

1 -  A3 2 
y14 - M34 M12 423 

M = M12 1 M34 A3 = M i 4  M12 

(45) 

(46) 

1022-BDE-cds B. I). Elrod 
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